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Non-equilibrium Green’s function theory for non-adiabatic effects in quantum
transport: inclusion of electron-electron interactions
Vincent F. Kershaw and Daniel S. Kosov
College of Science and Engineering, James Cook University, Townsville, QLD,
4811, Australia
Non-equilibrium Green’s function theory for non-adiabatic effects in quantum trans-
port [Kershaw and Kosov, J.Chem. Phys. 2017, 147, 224109 and J. Chem. Phys.
2018, 149, 044121] is extended to the case of interacting electrons. We consider a
general problem of quantum transport of interacting electrons through a central re-
gion with dynamically changing geometry. The approach is based on the separation
of time scales in the non-equilibrium Green’s functions and the use of the Wigner
transformation to solve the Kadanoff-Baym equations. The Green’s functions and
correlation self-energy are non-adiabatically expanded up to the second order central
time derivatives. We produce expressions for Green’s functions with non-adiabatic
corrections and a modified formula for electric current; both depend not only on
instantaneous molecular junction geometry but also on nuclear velocities and accel-
erations. The theory is illustrated by the study of electron transport through a model
single-resonant level molecular junction with local electron-electron repulsion and a
dynamically changing geometry.
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I. INTRODUCTION
The description of correlated quantum many-body systems far away from equilibrium
remains one of the most challenging problems of physics.1 A molecular junction, a single
molecule attached to two macroscopic leads held at different chemical potentials, represents
an ultimate challenge for theory due to two distinct and interconnected features: electron-
electron interactions and structural flexibility.2 Molecular junctions carry an extremely large
current density of the order of microamperes per square nm, many orders of magnitude larger
than is usual in mesoscopic devices. Molecular junctions also show a high inhomogeneity of
electron density such as cusps on nuclear positions, lone pairs and electron concentrations
along chemical bonds. Compared to traditional semiconductor devices, the correct treat-
ment of electron-electron interactions is critical for determining electrical conductivity.3–21
The electronic correlations are amplified in far-from-equilibrium situations owing to an in-
creased number of available states for electron-electron scattering.
Unlike silicon based devices, the molecular junctions are not rigid structures as they are
always prone to large amplitude nuclear motions, current induced conformational changes
and even chemical reactions.22–35 These characteristic properties of molecular junctions have
proven difficult to implement theoretically. Different models have been developed to tackle
this problem in a wide range of theoretical formalisms: master equations,36–46 path integral,47
scattering theory,48–51 non-equilibrium Green’s functions,52–59 and multilayer multiconfigu-
ration time-dependent Hartree theory.19,60–62 These approaches (apart from several recent
works23–26,63–67) have almost universally assumed that nuclear vibrations are harmonic in na-
ture, effectively describing systems that deviate slightly from their zero-current and equilib-
rium geometry. In addition, it is common to treat either the electron-vibration or molecule-
electrode couplings as the small parameter relative to other energy scales in the system.
Moreover, in standard approaches, the electronic correlations and dynamical confor-
mational changes are often neglected altogether (as is done in most computer codes for
first principles electron transport calculations).68–77 At best they are considered as separate
and uncoupled entities: either electronic-correlations are treated for a ”frozen” molecular
geometry3–21 or molecular conformation changes are considered for non-interacting resonant-
level model.24,26,33 The scope of current theoretical work with simultaneous modeling elec-
tronic correlations and nuclear dynamics is, at present, limited and all these considering
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nuclear motion as harmonic vibrations around equilibrium geometry.78–80
Recently, several authors have used gradient expansions,81 a technique reaching back to
work of Kadanoff and Baym,82 in their theoretical approaches,24,26,63–67,83,84 where classically
described nuclei are treated as a slow disturbance in non-equilibrium Green’s functions. Our
previous works expanded on this methodology, where we developed a transport theory in
the non-equilibrium Green’s function formalism that takes into account the non-adiabatic
effects of nuclear motion.66,67 The theory allowed for the computation of non-adiabatic effects
associated with nuclear motion in the central region and at the molecule-electrode interface.
This paper serves as a natural extension, where we further develop the theory to account
for electron-electron interactions in the system. Equations are resolved by treating nuclear
velocity as the small parameter through a gradient expansion where, consequently, one can
separate an adiabatic component originating from a frozen nuclear geometry and a non-
adiabatic term that arises in nuclear motions. As such, the equations can be solved while
making no assumptions regarding small or harmonic nuclear motion, nor is it required that
electron-nuclear, molecule-electrode or electron-electron interactions be considered small.
The outline of the paper is as follows. Section II describes the general theory: solution of
the real-time Kadanoff-Baym equations for molecular advanced, retarded and lesser Green’s
functions using Wigner representation. This section also contains the derivation of the
general expression for electron current which includes electronic correlations along with the
non-adiabatic corrections due to nuclear dynamical motion. In section III we illustrate
the proposed theory by the application to electron transport through a molecular junction
modelled by the Anderson model with a time-dependent energy level. We use atomic units
in the derivations throughout the paper (~ = |e| = me = 1).
II. THEORY
A. Hamiltonian, Green’s Functions and Self-Energies
In this section we present the governing Hamiltonian, Green’s functions and self-energies,
and introduce notation conventions that will be used throughout the document. We start
with the generic Hamiltonian for quantum transport through the system which consists of
a central (scattering) region connected to two macroscopic leads. We will call the central
3
region a ”molecule”, but all our results are applicable to the general case where the central
region are represented by a quantum dot, atom, or any other nano-scale system with time
varying geometry. This Hamiltonian takes the form
H = HM +HL +HR +HML +HML, (1)
where HM is the Hamiltonian for the molecule, HL and HR are the Hamiltonians for the
left and right leads, HML and HMR are the interaction between the central region and
the left and right leads, respectively. The Hamiltonian for the central region is explicitly
time-dependent and contains electronic interaction
HM =
∑
ij
hij(R(t))a
†
iaj + VC , (2)
where we have made use of the multidimensional vector R(t) that describes the geometry
(positions of nuclei in the case of molecular junction) of the central region at time t. The
quantity hij(R(t)) is matrix element of the single-particle part of the molecular Hamiltonian
computed in some basis. The electron-electron interaction or, possibly, the electron-phonon
interaction if we choose to treat part of the nuclear degrees of freedom not included in R(t)
quantum mechanically is described by VC . As is typical for molecules, we assume that only
the single-particle part of the Hamiltonian depends explicitly on molecular geometry. We
omit, at this point, the classical part of the Hamiltonian which generates trajectory R(t)
since it does not influence equations for the electronic Green’s functions.
The left and right leads are modelled as macroscopic reservoirs of non-interacting electrons
HL +HR =
∑
kν=L,R
εkαa
†
kαakα, (3)
where a†kν(akν) creates (annihilates) an electron in the single-particle state k of either the
left (ν = L) or the right (ν = R) electrode. The coupling between central region and left
and right leads are described by the tunnelling interaction
HML +HMR =
∑
ikν=L,R
(tkνia
†
kνai + h.c.), (4)
where tkνi is the tunnelling amplitudes between leads and molecular single-particle states.
Next, we define the exact (non-adiabatic, computed with full time-dependent Hamiltonian
along a given nuclear trajectory R(t)) retarded, advanced, and lesser Green’s functions as
GRij(t, t
′) = −iθ(t− t′)〈{ai(t), a
†
j(t
′)}〉, (5)
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GAij (t, t
′) = [GRij (t
′, t)]∗ (6)
and
G<ij (t, t
′) = i〈a†j(t
′)ai(t)〉. (7)
The self-energies of leads are not affected by the time-dependent molecular Hamiltonian and
they are defined in the standard way.85 Self-energy components for the leads are given by
ΣRνij(t, t
′) = −iθ(t − t′)
∑
k
t∗kνie
−iǫkν(t−t
′)tkνj, (8)
ΣAνij(t, t
′) = [ΣRνij(t
′, t)]∗ (9)
and
Σ<νij(t, t
′) = i
∑
k
fν(ǫkν)t
∗
kνie
−iǫkν(t−t
′)tkνj. (10)
Here fν is the Fermi-Dirac distribution of the ν lead. The total lead self-energies are the
sum of contributions from the left and right leads respectively as
ΣR,A,<ij (t, t
′) = ΣR,A,<Lij (t, t
′) + ΣR,A,<Rij (t, t
′). (11)
The retarded self-energies in the energy domain are defined in a standard way as a Fourier
transformation of time domain self-energies defined above:
ΣRνij(ω) = ∆νij(ω)−
i
2
Γνij(ω), (12)
where the level-width functions are
Γνij(ω) = 2π
∑
k
δ(ω − ǫkν)t
∗
kνitkνj , (13)
and level-shift functions ∆νij(ω) can be computed from Γνij(ω) via Kramers-Kronig relation.
85
The advanced and lesser self-energies are computed from the retarded self-energy as
ΣAνij(ω) = (Σ
R
νji(ω))
∗ (14)
and
Σ<νij(ω) = fν(ω)
(
ΣAνij(ω)− Σ
R
νij(ω)
)
= ifν(ω)Γνij(ω). (15)
5
B. Separation of time-scales in the Kadanoff-Baym equations of motion
We begin with the Kadanoff-Baym equations of motion for the retarded, advanced and
lesser Green’s functions85
(
i∂t − h(t)
)
G<(t, t′) =
∫
dt1
[(
ΣRC(t, t1) + Σ
R(t, t1)
)
G<(t1, t
′)
+
(
Σ<C(t, t1) + Σ
<(t, t1)
)
GA(t1, t
′)
]
(16)
and
(
i∂t − h(t)
)
GR/A(t, t′) = δ(t− t′) +
∫
dt1
(
ΣRC(t, t1) + Σ
R/A(t, t1)
)
GR/A(t1, t
′), (17)
where we consider the retarded and advanced equations collectively. Note that we have cho-
sen to work with the Kadanoff-Baym equations in matrix form where the Green’s functions,
self-energies and Hamiltonian h become matrices in the molecular orbital space. Here ΣC is
the self-energy from correlation in the central region (also matrix in molecular orbital space)
and the choice of the particular form is not relevant for our immediate discussion.
We are motivated to transform the equations of motion to the Wigner space where fast
and slow time scales are easily identifiable. To do so, we define the central time T and
relative time τ parameters
T =
1
2
(t+ t′) (18)
and
τ = t− t′, (19)
and introduce the Wigner representation of the Green’s function
G˜(ω, T ) =
∫
dτ eiωτG(t, t′). (20)
The inverse transformation from the Wigner representation to time domain is
G(t, t′) =
1
2π
∫
dω e−iωτ G˜(ω, T ). (21)
It can be shown that applying the the Wigner transform to both sides of equations (17) and
(16) yields the equations of motion in the Wigner space
(
ω +
i
2
∂T − e
1
2i
∂hT ∂
G
ωh(T )
)
G˜R(T, ω) = I + e
1
2i
(∂ΣT ∂
G
ω−∂
Σ
ω ∂
G
T )
(
Σ˜RC(T, ω) + Σ˜
R(ω)
)
G˜R(T, ω) (22)
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and
(
ω +
i
2
∂T − e
1
2i
∂hT ∂
G
ωh(T )
)
G˜<(T, ω) = e
1
2i
(∂ΣT ∂
G
ω−∂
Σ
ω ∂
G
T )
(
Σ˜RC(T, ω) + Σ˜
R(ω)
)
G˜<(T, ω)
+ e
1
2i
(∂ΣT ∂
G
ω−∂
Σ
ω ∂
G
T )
(
Σ˜<C(T, ω) + Σ˜
<(ω)
)
G˜A(T, ω). (23)
Here ∂Σ, ∂G and ∂h mean the derivatives acting on the self-energy ΣR, Green’s function
G˜R and Hamiltonian matrix h, respectively, with I being the identity matrix. In order to
make expressions more manageable we now drop the function notation and define the ’total’
self-energy term Σ˜tot = Σ˜ + Σ˜C to produce(
ω +
i
2
∂T − e
1
2i
∂hT ∂
G
ωh
)
G˜R/A = I + e
1
2i
(∂ΣT ∂
G
ω−∂
Σ
ω ∂
G
T )Σ˜
R/A
tot G˜
R/A (24)
and (
ω +
i
2
∂T − e
1
2i
∂hT ∂
G
ωh
)
G˜< = e
1
2i
(∂ΣT ∂
G
ω−∂
Σ
ω ∂
G
T )
(
Σ˜RtotG˜
< + Σ˜<totG˜
A
)
. (25)
So far no approximations have been made in regard to equations (24) and (25). They describe
the exact non-adiabatic evolution of the retarded, advanced and lesser Green’s functions and
must be solved along a given trajectory R(t) of nuclear coordinates.
Working in the Wigner space allows us to naturally identify variation in T as the small
parameter of our theory by separating slow nuclear time-scales from the fast electronic time-
scales. The slow nuclear motion is reflected by slow variation with central time T and fast
oscillations with relative time τ of the Green’s functions.66
Before expanding the exponential operators e
1
2i
∂hT ∂
G
ω and e
1
2i
(∂ΣT ∂
G
ω−∂
Σ
ω ∂
G
T ) in the equations
of motion, we first survey the form of the central time derivatives of the Hamiltonian matrix
and specify notation. The nuclear coordinates are represented as a 3N -dimensional vector
R = (R1,R2, ...,RN) = (x1, x2, x3, x4, x5, x6, ....., x3N−2, x3N−1, x3N ). (26)
The first and second order time derivatives of the single-particle Hamiltonian matrix are
∂Th(R) = x˙αΛα(R) (27)
and
∂2Th(R) = x¨αΛα(R) + x˙αx˙βΦαβ(R), (28)
where we assumed a summation over the repeated Greek indices and introduced matrices in
the molecular orbital space
Λα(R) =
∂h(R)
∂xα
(29)
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and
Φαβ(R) =
∂2h(R)
∂xα∂xβ
. (30)
The presence of the exponential operators in the Wigner space form of the Kadanoff-Baym
equations makes finding a solution a difficult problem. A natural next step would be to
expand the exponential operators e
1
2i
∂hT ∂
G
ω and e
1
2i
(∂ΣT ∂
G
ω−∂
Σ
ω ∂
G
T ) as a MacLaurin series. Acting
derivative terms in the resultant MacLaurin series on the Green’s functions results in powers
of Ω
Γ
, where Ω is the characteristic frequency of a molecular vibration and Γ is the molecular
level broadening. For example, if we consider e
1
2i
∂hT ∂
G
ω acting on G˜R, the first term in the
exponential series acting on the retarded Green’s function will be of the order of x˙∂ωG˜
R ∼ (Ω
Γ
)
and the second term will be of order x¨∂2ωG˜
R ∼ (Ω
Γ
)2. By limiting our model to consider
situations where the characteristic timescale of nuclear vibrations is large relative to the
electron tunnelling time, effectively meaning that Ω
Γ
< 1, we expand the MacLaurin series
of e
1
2i
∂hT ∂
G
ω and e
1
2i
(∂ΣT ∂
G
ω−∂
Σ
ω ∂
G
T ) and keep the first three terms in this expansion.
Implementing this assumption, the resultant equations of motion in the Wigner space
take the form
(
ω +
i
2
∂T − h−
1
2i
x˙αΛα∂ω +
1
8
x¨αΛα∂
2
ω +
1
8
x˙αx˙βΦαβ∂
2
ω
)
G˜R/A
= I +
(
I +
1
2i
∂ΣT ∂
G
ω −
1
2i
∂Σω ∂
G
T −
1
8
(∂ΣT ∂
G
ω )
2 +
1
4
∂ΣTω∂
G
Tω −
1
8
(∂Σω ∂
G
T )
2
)
Σ˜
R/A
tot G˜
R/A (31)
and
(
ω +
i
2
∂T − h−
1
2i
x˙αΛα∂ω +
1
8
x¨αΛα∂
2
ω +
1
8
x˙αx˙βΦαβ∂
2
ω
)
G˜<
=
(
I +
1
2i
∂ΣT ∂
G
ω −
1
2i
∂Σω ∂
G
T −
1
8
(∂ΣT ∂
G
ω )
2 +
1
4
∂ΣTω∂
G
Tω −
1
8
(∂Σω ∂
G
T )
2
)(
Σ˜RtotG˜
< + Σ˜<totG˜
A
)
. (32)
The following frequently appearing quantities are symbolically redefined as
AR/A = I − ∂ωΣ˜
R/A
tot , (33)
BR/A = x˙αΛα + ∂T Σ˜
R/A
tot (34)
and
CR/A = x¨αΛα + x˙αx˙βΦαβ + ∂
2
T Σ˜
R/A
tot . (35)
Note that the quantity BR/A is summed over the repeated Greek index α and the quan-
tity CR/A is summed over the indices α and β. Rearranging the equations slightly and
implementing the above quantities we find
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(
ω − h− Σ˜
R/A
tot
)
G˜R/A = I +
1
2i
(
BR/A∂ω +A
R/A∂T
)
G˜R/A
−
1
8
(
CR/A∂2ω − 2∂TωΣ˜
R/A
tot ∂Tω + ∂
2
ωΣ˜
R/A
tot ∂
2
T
)
G˜R/A (36)
and
(
ω − h− Σ˜Rtot
)
G˜< = Σ˜<totG˜
A +
1
2i
(
BR∂ω +A
R∂T
)
G˜< +
1
2i
(
∂T Σ˜
<
tot∂ω − ∂ωΣ˜
<
tot∂T
)
G˜A
−
1
8
(
CR∂2ω − 2∂TωΣ˜
R
tot∂Tω + ∂
2
ωΣ˜
R
tot∂
2
T
)
G˜< −
1
8
(
∂2T Σ˜
<
tot∂
2
ω − 2∂TωΣ˜
<
tot∂Tω + ∂
2
ωΣ˜
<
tot∂
2
T
)
G˜A.
(37)
We observe that the RHS of the equations of motion contain first and second order derivatives
acted on from the left by matrix quantities (self-energy components and their derivatives).
It is useful to define the differential operators Pˆ gi and Dˆ
g
i which consist of first and second
order derivatives respectively. We choose to denote the self-energy components of a given
differential operator with the superscript g ∈ {R,A,<}. The operators Pˆ gi and Dˆ
g
i are
defined as
Pˆ gi =
1
2i
(
Xgi ∂ω + Y
g
i ∂T
)
(38)
and
Dˆgi = −
1
8
(
Xgi ∂
2
ω − 2Y
g
i ∂Tω + Z
g
i ∂
2
T
)
. (39)
We note that we have made use of the subscript i ∈ {a, b} which differentiates between the
two first and second order operators with different matrix coefficients. For example, when
considering the first order differential operator, the subscript i differentiates between
Pˆ ga =
1
2i
(
Bg∂ω +A
g∂T
)
(40)
and
Pˆ gb =
1
2i
(
∂T Σ˜
g
tot∂ω − ∂ωΣ˜
g
tot∂T
)
. (41)
Similarly, when considering the second order differential operator the subscript i differenti-
ates between
Dˆga = −
1
8
(
Cg∂2ω − 2∂TωΣ˜
g
tot∂Tω + ∂
2
ωΣ˜
g
tot∂
2
T
)
(42)
and
Dˆgb = −
1
8
(
∂2T Σ˜
g
tot∂
2
ω − 2∂TωΣ˜
g
tot∂Tω + ∂
2
ωΣ˜
g
tot∂
2
T
)
. (43)
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These definitions are useful as it allows us to take derivatives of a Green’s function component
once for arbitrary matrix quantities with the resultant expression being adapted depending
on what matrix quantities are being considered (see Appendix). Using these simplification
schemes we find that the equations of motion become(
ω − h− Σ˜
R/A
tot
)
G˜R/A = I +
(
PˆR/Aa + Dˆ
R/A
a
)
G˜R/A (44)
and (
ω − h− Σ˜Rtot
)
G˜< = Σ˜<totG˜
A +
(
PˆRa + Dˆ
R
a
)
G˜< +
(
Pˆ<b + Dˆ
<
b
)
G˜A. (45)
The equations of motion have now been transformed into the Wigner space and a more
manageable form. There are two intricacies associated with a perturbative solution to the
equations of motion: dealing with (i) the functional dependencies of Σ˜tot on the Green’s
function components in the system space and (ii) the Green’s function components explicit
in the equations of motion. We will deal with these intricacies separately where we first deal
with the functional dependencies of the self-energy terms as seen in the next section.
C. Non-adiabatic expansion of the correlation self-energy
The self-energy terms have explicit dependencies on the Green’s functions. We start by
taking a second order perturbation in the Green’s functions
G˜ = G˜(0) + λG˜(1) + λ
2G˜(2). (46)
Here λ is the ”book-keeping” parameter to keep track of the orders of central time derivatives
in the derivations. Terms that are linear in λ will be also linear in central-time derivatives
and terms containing λ2 will be quadratic in central-time derivatives in the equations that
follow. The parameter λ will be set to 1 in the end of the derivations. It follows that the
correlation self-energy components are approximated as
Σ˜C
[
G˜
]
= Σ˜C
[
G˜(0) + λG˜(1) + λ
2G˜(2)
]
, (47)
which we reform as
Σ˜C
[
G˜
]
= Σ˜C
[
G˜(0) + λ
(
G˜(1) + λG˜(2)
)]
= Σ˜C
[
G˜(0) + λD˜
]
, (48)
by introducing the quantity D˜ = G˜(1)+λG˜(2) which encompasses non-adiabatic corrections.
We now take a functional Taylor series expansion in the self-energy to get
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Σ˜C
[
G˜
]
= Σ˜C
[
G˜(0)
]
︸ ︷︷ ︸
Σ˜T (0)
+
∫
dT ′dω′
δΣ˜C
[
G˜(0)
]
δG˜(0)
δD˜(T ′, ω′)
︸ ︷︷ ︸
Σ˜C(1)
+
∫
dT ′dω′dT ′′dω′′
δ2Σ˜C
[
G˜(0)
]
δG˜(0)δG˜(0)
δD˜(T ′, ω′)δD˜(T ′′, ω′′)
︸ ︷︷ ︸
Σ˜C(2)
, (49)
where we have labeled the adiabatic and non-adiabatic components respectively. We have
made use of the quantity δD˜ where it follows by definition of D˜ that δD˜ = δG˜(1) + λδG˜(2).
It follows that the total self-energy is then given by
Σ˜tot
[
G˜
]
= Σ˜ +
2∑
j=0
Σ˜Cj , (50)
where j keeps track of perturbative corrections where j ∈ {(0), (1), (2)}. The specification of
the perturbed self-energy components allows for the representation of the remaining matrix
quantities AR/A, BR/A and CR/A present in the equations of motion as
AR/A = I − ∂ωΣ˜
R/A
tot(0)︸ ︷︷ ︸
A
R/A
(0)
− ∂ωΣ˜
R/A
tot(1)︸ ︷︷ ︸
A
R/A
(1)
− ∂ωΣ˜
R/A
tot(2)︸ ︷︷ ︸
A
R/A
(2)
, (51)
BR/A = x˙αΛα + ∂T Σ˜
R/A
tot(0)︸ ︷︷ ︸
B
R/A
(1)
+ ∂T Σ˜
R/A
tot(1)︸ ︷︷ ︸
B
R/A
(2)
(52)
and
CR/A = x¨αΛα + x˙αx˙βΦαβ + ∂
2
T Σ˜
R/A
tot(0)︸ ︷︷ ︸
C
R/A
(2)
, (53)
where above we have labeled the adiabatic and non-adiabatic components. Note that we
have neglected terms above the second order after applying the central time derivatives as
they do not appear in the solution. As such AR/A, BR/A and CR/A can be represented as the
sum of their adiabatic and non-adiabatic components as
AR/A =
2∑
j=0
A
R/A
j , (54)
BR/A =
2∑
j=1
B
R/A
j (55)
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and
CR/A = C
R/A
(2) . (56)
It is useful to define the perturbative orders of the differential operators Pˆ and Dˆ using the
expressions derived above. Considering the first order differential operators and substituting
in explicit expressions we find that
Pˆ ga =
1
2i
(
Bg(1)∂ω +A
g
(0)∂T
)
︸ ︷︷ ︸
Pˆ g
a(1)
+
1
2i
(
Bg(2)∂ω +A
g
(1)∂T
)
︸ ︷︷ ︸
Pˆ g
a(2)
(57)
and
Pˆ gb =
1
2i
(
∂T Σ˜
g
tot(0)∂ω − ∂ωΣ˜
g
tot(0)∂T
)
︸ ︷︷ ︸
Pˆ g
b(1)
+
1
2i
(
∂T Σ˜
g
tot(1)∂ω − ∂ωΣ˜
g
tot(1)∂T
)
︸ ︷︷ ︸
Pˆ g
b(2)
. (58)
Considering now the second order differential operators we find that
Dˆga = −
1
8
(
Cg(2)∂
2
ω − 2∂TωΣ˜
g
tot(0)∂Tω + ∂
2
ωΣ˜
g
tot(0)∂
2
T
)
︸ ︷︷ ︸
Dˆg
a(2)
(59)
and
Dˆgb = −
1
8
(
∂2T Σ˜
g
tot(0)∂
2
ω − 2∂TωΣ˜
g
tot(0)∂Tω + ∂
2
ωΣ˜
g
tot(0)∂
2
T
)
︸ ︷︷ ︸
Dˆg
b(2)
. (60)
In all equations above we have labeled the perturbative orders and neglected terms that
exceed the second order. This convention is very useful as it allows us to resolve the equations
of motion into its perturbative orders easily, along with simplifying notation. As a result we
find that the equations of motion, with some rearrangement, become
(
ω − h− Σ˜
R/A
tot(0)
)
G˜R/A = I +
(
Σ˜
R/A
tot(1) + Σ˜
R/A
tot(2)
)
G˜R/A +
(
Pˆ
R/A
a(1) + Pˆ
R/A
a(2) + Dˆ
R/A
a(2)
)
G˜R/A (61)
and
(
ω − h− Σ˜Rtot(0)
)
G˜< =
(
Σ˜Rtot(1) + Σ˜
R
tot(2)
)
G˜< +
(
Σ˜Rtot(0) + Σ˜
R
tot(1) + Σ˜
R
tot(2)
)
G˜A
+
(
PˆRa(1) + Pˆ
R
a(2) + Dˆ
R
a(2)
)
G˜< +
(
Pˆ<b(1) + Pˆ
<
b(2) + Dˆ
<
b(2)
)
G˜A. (62)
The equations of motion have been altered as a consequence of dealing with the self-energy
dependencies on Green’s functions in the system space. In the next section we deal with the
Green’s function explicit in the equations of motion themselves.
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D. Solution of the Kadanoff-Baym equation
In the previous section, the Wigner space Kadanoff-Baym equations have been derived
retaining terms in the central time derivatives up to the second order. We will now solve these
equations. We will first consider the retarded and advanced Green’s function components
before considering the lesser Green’s function. Derivations from this point will make frequent
use of commutator and anti-commutator operations given by [·, ·]− and [·, ·]+ respectively.
1. Retarded/Advanced Components
We now take a second order perturbation in the retarded/advanced Keldysh components
such that
G˜R/A = G˜
R/A
(0) + λG˜
R/A
(1) + λ
2G˜
R/A
(2) (63)
where λ is the ”book-keeping” parameter for the orders of central time derivatives. We sub-
stitute the perturbative expansion of G˜R/A into the retarded/advanced equations of motion
to find
(
ω − h− Σ˜
R/A
tot(0)
)(
G˜
R/A
(0) + λG˜
R/A
(1) + λ
2G˜
R/A
(2)
)
= I +
(
Σ˜
R/A
tot(1) + Σ˜
R/A
tot(2)
)(
G˜
R/A
(0) + λG˜
R/A
(1)
+ λ2G˜
R/A
(2)
)
+
(
Pˆ
R/A
a(1) + Pˆ
R/A
a(2) + Dˆ
R/A
a(2)
)(
G˜
R/A
(0) + λG˜
R/A
(1) + λ
2G˜
R/A
(2)
)
. (64)
We now split the retarded/advanced equations of motion based on order to get (letting
λ = 0) (
ω − h− Σ˜
R/A
tot(0)
)
G˜
R/A
(0) = I, (65)(
ω − h− Σ˜
R/A
tot(0)
)
G˜
R/A
(1) = Σ˜
R/A
tot(1)G˜
R/A
(0) + Pˆ
R/A
a(1) G˜
R/A
(0) (66)
and
(
ω − h− Σ˜
R/A
tot(0)
)
G˜
R/A
(2) = Σ˜
R/A
tot(1)G˜
R/A
(1) + Σ˜
R/A
tot(2)G˜
R/A
(0) + Pˆ
R/A
a(1) G˜
R/A
(1) + Pˆ
R/A
a(2) G˜
R/A
(0)
+ Dˆ
R/A
a(2) G˜
R/A
(0) . (67)
It is easy to see that (65) can be solved to give
G˜
R/A
(0) =
(
ω − h− Σ˜
R/A
tot(0)
)−1
, (68)
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which is the standard and well-understood adiabatic retarded/advanced Green’s function
which we re-label to
GR/A = G˜
R/A
(0) . (69)
We now consider (66) where we first rearrange in terms of G˜
R/A
(1) to get
G˜
R/A
(1) = G
R/AΣ˜
R/A
tot(1)G
R/A +GR/APˆ
R/A
a(1) G
R/A. (70)
It can easily be shown that
∂ωG
R/A = −GR/A
(
I − ∂ωΣ˜
R/A
tot(0)
)
GR/A = −GR/AA
R/A
(0) G
R/A (71)
and
∂TG
R/A = GR/A
(
x˙αΛα + ∂T Σ˜
R/A
tot(0)
)
GR/A = GR/AB
R/A
(1) G
R/A. (72)
As a result we can show that
PˆR/Aa G
R/A =
1
2i
(
A
R/A
(0) G
R/AB
R/A
(1) G
R/A − B
R/A
(1) G
R/AA
R/A
(0) G
R/A
)
=
1
2i
[
A
R/A
(0) G
R/A,B
R/A
(1) G
R/A
]
−
, (73)
where this allows us to specify G˜
R/A
(1) as
G˜
R/A
(1) = G
R/AΣ˜
R/A
tot(1)G
R/A +
1
2i
GR/A
[
A
R/A
(0) G
R/A,B
R/A
(1) G
R/A
]
−
. (74)
Now focusing on the equation of motion for G˜
R/A
(2) given by (67), we rearrange in terms of
G˜
R/A
(2) to get
G˜
R/A
(2) = G
R/AΣ˜
R/A
tot(1)G˜
R/A
(1) +G
R/AΣ˜
R/A
tot(2)G
R/A +GR/APˆ
R/A
a(2) G
R/A +GR/ADˆ
R/A
a(2)G
R/A
+GR/APˆ
R/A
a(1) G˜
R/A
(1) . (75)
Using (71), (72) and the definition of Pˆ
R/A
a(2) , one can show that
Pˆ
R/A
a(2) G
R/A =
1
2i
(
A
R/A
(1) G
R/AB
R/A
(1) G
R/A − B
R/A
(2) G
R/AA
R/A
(0) G
R/A
)
. (76)
We now consider the second order derivatives of GR/A in order to compute an expression for
Dˆ
R/A
a(2)G
R/A. These derivatives are given by
∂2ωG
R/A = 2GR/A
(
A
R/A
(0) G
R/A
)2
+GR/A∂2ωΣ˜
R/A
tot(0)G
R/A, (77)
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∂TωG
R/A = −GR/A
[
B
R/A
(1) G
R/A,A
R/A
(0) G
R/A
]
+
+GR/A∂TωΣ˜
R/A
tot(0)G
R/A (78)
and
∂2TG
R/A = 2GR/A
(
B
R/A
(1) G
R/A
)2
+GR/A∂2T Σ˜
R/A
tot(0)G
R/A. (79)
These derivatives allow us to show that
Dˆ
R/A
a(2)G
R/A = −
1
4
[
CR/AGR/A
(
A
R/A
(0) G
R/A
)2
+ ∂TωΣ˜
R/A
tot(0)G
R/A
[
B
R/A
(1) G
R/A,A
R/A
(0) G
R/A
]
+
+ ∂2ωΣ˜
R/A
tot(0)G
R/A
(
B
R/A
(1) G
R/A
)2]
−
1
8
[
CR/AGR/A∂2ωΣ˜
R/A
tot(0)G
R/A − 2
(
∂TωΣ˜
R/A
tot(0)G
R/A
)2
+ ∂2ωΣ˜
R/A
tot(0)G
R/A∂2T Σ˜
R/A
tot(0)G
R/A
]
. (80)
One can compute explicit expressions for the derivative Pˆ
R/A
a(1) G˜
R/A
(1) in the termG
R/APˆ
R/A
a(1) G˜
R/A
(1)
which, in the interest of presentation, has been left to the Appendix B. Ultimately, this
leads to an explicit expression for G˜
R/A
(2) , which has been relegated to Appendix A.
2. Lesser Components
We now turn our attention to deriving non-adiabatic corrections to the lesser Green’s
function, which, as we shall find, is significantly more tedious. Taking a second order
perturbation of the lesser Green’s function component as
G˜< = G˜<(0) + λG˜
<
(1) + λ
2G˜<(2), (81)
which when substituted into the equation of motion for the lesser Green’s function becomes
(
ω − h− Σ˜Rtot(0) − Σ˜
R
tot(1) − Σ˜
R
tot(2)
)(
G˜<(0) + G˜
<
(1) + G˜
<
(2)
)
=
(
Σ˜<tot(0) + Σ˜
<
tot(1) + Σ˜
<
tot(2)
)
×
(
GA + G˜A(1) + G˜
A
(2)
)
+
(
PˆRa(1) + Pˆ
R
a(2) + Dˆ
R
a(2)
)(
G˜<(0) + G˜
<
(1) + G˜
<
(2)
)
+
(
Pˆ<b(1) + Pˆ
<
b(2) + Dˆ
<
b(2)
)(
GA + G˜A(1) + G˜
A
(2)
)
. (82)
We now split the lesser equation of motion based on order to get
(
ω − h− Σ˜Rtot(0)
)
G˜<(0) = Σ˜
<
tot(0)G
A, (83)
(
ω − h− Σ˜Rtot(0)
)
G˜<(1) = Σ˜
R
tot(1)G˜
<
(0) + Σ˜
<
tot(0)G˜
A
(1) + Σ˜
<
tot(1)G
A + PˆRa(1)G˜
<
(0) + Pˆ
<
b(1)G
A (84)
and
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(
ω − h− Σ˜Rtot(0)
)
G˜<(2) = Σ˜
R
tot(2)G˜
<
(0) + Σ˜
R
tot(1)G˜
<
(1) + Σ˜
<
tot(2)G
A + Σ˜<tot(1)G˜
A
(1) + Σ˜
<
tot(0)G˜
A
(2)
+ PˆRa(1)G˜
<
(1) +
(
PˆRa(2) + Dˆ
R
a(2)
)
G˜<(0) + Pˆ
<
b(1)G˜
A
(1) +
(
Pˆ<b(2) + Dˆ
<
b(2)
)
GA. (85)
It is easy to see that (83) is solved to give
G˜<(0) = G
RΣ˜<tot(0)G
A, (86)
which is the standard adiabatic lesser Green’s function which we relabel to
G< = G˜<(0). (87)
Considering now (84), we first rearrange in terms of G˜<(1) to get
G˜<(1) = G
RΣ˜Rtot(1)G
< +GRΣ˜<tot(0)G˜
A
(1) +G
RΣ˜<tot(1)G
A +GRPˆRa(1)G
< +GRPˆ<b(1)G
A. (88)
From the adiabatic lesser Green’s function it follows that we can calculate its derivatives.
We find that
∂ωG
< = −GRAR(0)G
< −G<AA(0)G
A +GR∂ωΣ˜
<
tot(0)G
A (89)
and
∂TG
< = GRBR(1)G
< +G<BA(1)G
A +GR∂T Σ˜
<
tot(0)G
A. (90)
This allows us to show that
PˆRa(1)G
< =
1
2i
(
AR(0)G
RBR(1)G
< +AR(0)G
<BA(1)G
A − BR(1)G
RAR(0)G
< − BR(1)G
<AA(0)G
A
)
+
1
2i
(
BR(1)G
R∂ωΣ˜
<
tot(0)G
A +AR(0)G
R∂T Σ˜
<
tot(0)G
A
)
. (91)
From the previous section we can find that
Pˆ<b(1)G
A
(0) = −
1
2i
(
∂ωΣ˜
<
tot(0)G
ABA(1)G
A + ∂T Σ˜
<
tot(0)G
AAA(0)G
A
)
. (92)
Taking note of these quantities and applying some rearrangement, we find that G˜<(1) is given
by
G˜<(1) = G
RΣ˜Rtot(1)G
< +GRΣ˜<tot(0)G
A
(1) +G
RΣ˜<tot(1)G
A +
1
2i
GR
(
AR(0)G
RBR(1)G
<
+AR(0)G
<BA(1)G
A − BR(1)G
RAR(0)G
< − BR(1)G
<AA(0)G
A
)
+
1
2i
GR
(
BR(1)G
R∂ωΣ˜
<
tot(0)G
A
+AR(0)G
R∂T Σ˜
<
tot(0)G
A
)
−
1
2i
GR
(
∂ωΣ˜
<
tot(0)G
ABA(1)G
A + ∂T Σ˜
<
tot(0)G
AAA(0)G
A
)
, (93)
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where we have chosen to keep G˜A(1), given by (74), as an input in order to keep expressions
more manageable. We now focus on solving the second order lesser equation of motion. It
is found that G˜<(2) is given by
G˜<(2) = G
RΣ˜Rtot(2)G
< +GRΣ˜Rtot(1)G˜
<
(1) +G
RΣ˜<tot(2)G
A +GRΣ˜<tot(1)G˜
A
(1) +G
RΣ˜<tot(0)G˜
A
(2)
+GRPˆRa(1)G˜
<
(1) +G
R
(
PˆRa(2) + Dˆ
R
a(2)
)
G< +GRPˆ<b(1)G˜
A
(1) +G
R
(
Pˆ<b(2) + Dˆ
<
b(2)
)
GA. (94)
The explicit expression for G˜<(2) is particularly cumbersome where, in the interest of presenta-
tion, we relegate some of the more complicated terms to the Appendix (these will be clearly
labeled). Expressions for differential operators acting on adiabatic advanced Green’s func-
tions along with the first order differential operator acting on the adiabatic lesser Green’s
function can be easily adjusted from previous sections and will not be repeated here. Fur-
thermore, expressions for G˜A(1), G˜
A
(2) and G˜
<
(1) will be left as inputs. Implementing the more
manageable terms we find that G˜<(2) take the form
G˜<(2) = G
RΣ˜Rtot(2)G
< +GRΣ˜Rtot(1)G˜
<
(1) +G
RΣ˜<tot(2)G
A +GRΣ˜<tot(1)G˜
A
(1) +G
RΣ˜<tot(0)G˜
A
(2)
+
1
2i
GR
(
AR(1)G
RBR(1)G
< +AR(1)G
<BA(1)G
A − BR(2)G
RAR(0)G
< − BR(2)G
<AA(0)G
A
)
+
1
2i
GR
(
BR(2)G
R∂ωΣ˜
<
tot(0)G
A +AR(1)G
R∂T Σ˜
<
tot(0)G
A
)
−
1
2i
GR
(
∂ωΣ˜
<
tot(1)G
ABA(1)G
A
+ ∂T Σ˜
<
tot(1)B
A
(2)G
AAA(0)G
A
)
−
1
4
GR
[
∂2T Σ˜
<
tot(0)G
A
(
AA(0)G
A
)2
+ ∂TωΣ˜
<
tot(0)G
A
[
BA(1)G
A,AA(0)G
A
]
+
+ ∂2ωΣ˜
<
tot(0)G
A
(
BA(1)G
A
)2]
−
1
8
GR
[
∂2T Σ˜
<
tot(0)G
A∂2ωΣ˜
A
tot(0)G
A − 2
(
∂TωΣ˜
<
tot(0)G
A
)2
+ ∂2ωΣ˜
A
tot(0)G
A∂2T Σ˜
A
tot(0)G
A
]
+GRDˆRa(2)G
<︸ ︷︷ ︸
Appendix B 1
+GRPˆ<b(1)G˜
A
(1)︸ ︷︷ ︸
Appendix B2
+GRPˆRa(1)G˜
<
(1)︸ ︷︷ ︸
Appendix B3
, (95)
where we have labeled the final three terms according to where in the Appendix their
respective expressions can be found.
E. Electric current with non-adiabatic corrections
Having obtained the non-adiabatic corrections to the retarded, advanced and lesser
Green’s function we now derive the equation for the electric current using the Meir-Wingreen
formula. We begin with the general expression for electric current flowing into the molecule
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from left/right leads at time t:85
Jν(t) = 2
∫
dt1ReTr
{
G<(t, t1)Σ
A
ν (t1, t) + G
R(t, t1)Σ
<
ν (t1, t)
}
, (96)
where the trace is taken over the molecular orbital indices and the subscript ν ∈ {L,R}
denotes the left or right lead. Note that we have chosen the symbol J to denote the exact
current which is in terms of the exact Green’s functions. Transforming this equation to the
Wigner space we find
J˜ν(T, ω) = 2e
1
2i
(∂GT ∂
Σ
ω−∂
G
ω∂
Σ
T )ReTr
{
G˜<(T, ω)Σ˜Aν (T, ω) + G˜
R(T, ω)Σ˜<ν (T, ω)
}
, (97)
where the real-time current can be computed as
Jν(t) =
1
π
∫
dωe
1
2i
(∂GT ∂
Σ
ω−∂
G
ω∂
Σ
T )ReTr
{
G˜<(T, ω)Σ˜Aν (T, ω) + G˜
R(T, ω)Σ˜<ν (T, ω)
}
. (98)
Expanding the exponential to the second order we get (dropping function dependencies)
Jν(t) =
1
π
∫
dωReTr
{
G˜<Σ˜Aν + G˜
RΣ˜<ν +
1
2i
(
∂T G˜
<∂ωΣ˜
A
ν + ∂T G˜
R∂ωΣ˜
<
ν
)
−
1
2i
(
∂ωG˜
<∂T Σ˜
A
ν + ∂ωG˜
R∂T Σ˜
<
ν
)
−
1
8
(
∂2T G˜
<∂2ωΣ˜
A
ν − 2∂TωG˜
<∂TωΣ˜
A
ν + ∂
2
ωG˜
<∂2T Σ˜
A
ν
)
−
1
8
(
∂2T G˜
R∂2ωΣ˜
<
ν − 2∂TωG˜
R∂TωΣ˜
<
ν + ∂
2
ωG˜
R∂2T Σ˜
<
ν
)}
. (99)
We now consider the previously computed perturbative expansions of the Green’s functions
in the system space which we implement by making the substitution
G˜ = G+ λG˜(1) + λ
2G˜(2), (100)
in the power of the smallness parameter. It follows that one can then compute the adiabatic
lead current Jν(t) and its non-adiabatic lead current corrections given by Jν(1)(t) and Jν(2)(t)
such that
Jν(t) = Jν(t) + Jν(1)(t) + Jν(2)(t), (101)
where the symbol J has been used to denote the non-exact current. Substituting (100) into
(99), setting the smallness parameter to λ = 1 and splitting the equation based on order, we
find that the adiabatic lead current and its non-adiabatic lead current corrections are given
by
Jν(t) =
1
π
∫
dωReTr
{
G<Σ˜Aν +G
RΣ˜<ν
}
, (102)
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Jν(1)(t) =
1
π
∫
dωReTr
{
G˜<(1)Σ˜
A
ν + G˜
R
(1)Σ˜
<
ν −
1
2i
(
∂TωG
<Σ˜Aν + ∂TωG
RΣ˜<ν
)
−
1
2i
(
∂ωG
<∂T Σ˜
A
ν + ∂ωG
R∂T Σ˜
<
ν
)}
(103)
and
Jν,(2)(t) =
1
π
∫
dωReTr
{
G˜<(2)Σ˜
A
ν + G˜
R
(2)Σ˜
<
ν −
1
2i
(
∂TωG˜
<
(1)Σ˜
A
ν + ∂TωG˜
R
(1)Σ˜
<
ν
)
−
1
2i
(
∂ωG˜
<
(1)∂T Σ˜
A
ν + ∂ωG˜
R
(1)∂T Σ˜
<
ν
)
−
1
8
(
∂2TωG
<Σ˜Aν + 2∂T∂
2
ωG
<∂T Σ˜
A
ν + ∂
2
ωG
<∂2T Σ˜
A
ν
)
−
1
8
(
∂2TωG
RΣ˜<ν + 2∂T∂
2
ωG
R∂T Σ˜
<
ν + ∂
2
ωG
R∂2T Σ˜
<
ν
)}
. (104)
In the expressions above we have also made use of the identities∫
dωA˜∂ωΣ˜ = −
∫
dω∂ωA˜Σ˜ (105)
and ∫
dωA˜∂2ωΣ˜ =
∫
dω∂2ωA˜Σ˜ (106)
for arbitrary self-energy and Green’s function quantities Σ˜ and A˜. It follows that equations
(102), (103) and (104) combined according to (101) allow one to compute the adiabatic
current with non-adiabatic corrections provided that one has knowledge of the lead self-
energy terms and the perturbative approximations to G˜.
III. MODEL APPLICATIONS: ELECTRON TRANSPORT THROUGH
ANDERSON IMPURITY WITH TIME-DEPENDENT LEVEL ENERGY
The proposed theory is exemplified by considering a time-dependent model of a single elec-
tronic energy level with local electron-electron repulsion attached to two leads, the so called
non-equilibrium Anderson impurity model. The time-dependent Anderson model has been
used as an effective tool in the modeling of dynamical effects in molecular junctions; the prob-
lem has been approached by a variety of methods such as non-equilibrium Monter-Carlo,86
time-dependend Hartree-Fock theory with vertex corrections,87 time-dependent non-crossing
approximation88–90 and time-dependent re-normalization group theory.91–93 The aforemen-
tioned works focused on either transient dynamics following sudden change of parameters
or systems driven by periodic time dependent voltage bias. The first case uses a time-
independent Hamiltonian and the second employs Floquet theory to describe time depen-
dence. In our work, the Hamiltonian has arbitrary time dependence.
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The Hamiltonian for the molecule takes the form in second quantisation as
HM = ǫ(x)(a
†
↓a↓ + a
†
↑a↑) + VC , (107)
where
VC = Ua
†
↓a↓a
†
↑a↑. (108)
The coordinate dependence of the resonant-level energy ǫ enters the problem in the following
way. To compute the molecular non-adiabatic Green’s functions at a given point x = x0,
we need to know the value of ǫ(x0) as well as the first derivative Λ = ǫ
′(x0) and the second
derivative Φ = ǫ′′(x0). In our calculations, we assume that x0 correspond to the equilibrium
molecular junction geometry. The resonant-level energy is taken to be aligned to the Fermi
energy of the leads ǫ(x0) = 0; Λ and Φ are considered as parameters of the model which can
be varied.
The molecular junction geometry undergoes stochastic thermal fluctuations around an
equilibrium geometry. To account for this, we averaged the expressions for electric current
using a Boltzmann velocity distribution with given temperature where, consequently, in the
final expression for electric current we put 〈x˙〉 = 〈x¨〉 = 0 and 〈x˙2〉 6= 0. The range of
physically relevant values for Λ, Φ, and 〈x˙〉 are estimated in our previous paper66 based on
quantum chemical calculations.
We now simplify the Green’s functions and self-energy components by appealing to the
spin degeneracy of the problem (assuming a non-magnetic electronic population of the im-
purity). All cross-spin Green’s functions vanish as
G↑↓(t, t
′) = G↓↑(t, t
′) = 0. (109)
The Green’s functions for spin-up and spin-down electrons are identical
G↑↑(t, t
′) = G↓↓(t, t
′) = G(t, t′), (110)
where in the last equality above we have introduced notation for Green’s functions indepen-
dent of the spin index, therefore the spin index can be omitted in most our derivations. The
spin symmetry manifests itself in the lead self-energy components as
ΣRν = Σ
R
ν↑↑ = Σ
R
ν↓↓ = −
i
2
Γν , (111)
ΣAν = Σ
A
ν↑↑ = Σ
A
ν↓↓ =
i
2
Γν (112)
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and
Σ<ν (ω) = Σ
<
α↑↑(ω) = Σ
<
ν↓↓(ω) = ifν(ω)Γν . (113)
Note that cross-spin self-energy components are again zero and so will not be considered.
We now consider two-body interaction term VC and its corresponding correlation self-
energy components where we choose to exemplify the proposed theory through the Hartree-
Fock approximation. The correlation self-energy components then become
Σ
R/A
Cσσ(t, t
′) = Unσσ(t)δ(t− t
′) = −iUG<(t, t′)δ(t− t′) (114)
and
Σ<Cσσ(t, t
′) = 0, (115)
where, once again, we see that the spin symmetry of the problem results in the correlation
self-energies for the spin up and spin down processes being equal and the spin-transition
components being zero. Observing that the retarded and advanced components for the
correlation self-energies are equal, then we simplify the notation to
ΣRCσσ(t, t
′) = ΣACσσ(t, t
′) = ΣC(t, t
′). (116)
Transforming the correlation self-energy to the Wigner space leads to
ΣC(T ) = −
iU
2π
∫
dωG˜<(T, ω), (117)
where we see that only functional dependencies on the central time are relevant. Taking a
perturbative expansion in the Green’s function above results in the series
ΣC(T ) = −
iU
2π
∫
dωG<(T, ω)−
iU
2π
∫
dωG˜<(1)(T, ω)−
iU
2π
∫
dωG˜<(2)(T, ω), (118)
which becomes
ΣC(T ) = − iUG
<(T )︸ ︷︷ ︸
Σ
(0)
C (T )
− iUG˜<(1)(T )︸ ︷︷ ︸
Σ
(1)
C (T )
− iUG˜<(2)(T )︸ ︷︷ ︸
Σ
(2)
C (T )
. (119)
Above perturbative orders have been identified which in turn allow us to determine the
frequently appearing quantities (33), (34) and (35) simplify to the form (nuclear indices are
absent in the single nuclear degree of freedom limit)
A(T ) = 1 = A(0)(T ), (120)
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B(T ) = x˙Λ(T )− iU∂TG
<(T )︸ ︷︷ ︸
B(1)(T )
− iU∂T G˜
<
(1)(T )︸ ︷︷ ︸
B(2)(T )
(121)
and
C(T ) = x¨Λ(T ) + x˙2Φ(T )− iU∂2TG
<(T )︸ ︷︷ ︸
C(2)(T )
. (122)
Finalising the expressions above requires knowledge of the perturbative orders which will be
the purpose of the next section.
Following the perturbative expansion procedure detailed in the main body of the paper, it
can be found that the retarded and advanced adiabatic and non-adiabatic Green’s functions
are given by
GR/A =
(
ω − h− Σ˜R/A − Σ
(0)
C
)−1
, (123)
G˜
R/A
(1) = Σ
(1)
C
(
GR/A
)2
(124)
and
G˜
R/A
(2) = Σ
(1)
C G
R/AG˜
R/A
(1) + Σ
(2)
C
(
GR/A
)2
−
1
4
C(2)
(
GR/A
)4
. (125)
The adiabatic and non-adiabatic lesser Green’s function components are given by
G< = GRΣ˜<GA, (126)
G˜<(1) = Σ
(1)
C G
<
(
GR +GA
)
+
1
2i
B(1)GR∂ωΣ˜
<GA
(
GR −GA
)
(127)
and
G˜<(2) = G
RΣ
(1)
C G˜
<
(1) +G
RΣ
(2)
C G
< +GRΣ˜<G˜A(2) +
1
2i
B(1)∂ωΣ˜
<
(
G˜R(1)G
A −GRG˜A(1)
)
+
1
2i
G<∂TΣ
(1)
C
(
GR −GA
)
−
1
4
GRGA
[
C∂ωΣ˜
< +
(
B(1)
)2
∂2ωΣ˜
<
](
GR −GA
)
+
1
2i
B(2)GR∂ωG
< −
1
8
CGR∂2ωG˜
< −
1
2i
GR∂ωΣ˜
<∂T G˜
A
(1) −
1
8
GR∂2ωΣ˜
<∂2TG
A. (128)
It follows that one can now compute explicit expressions for the perturbative orders of the
correlation self-energy and frequently appearing quantities A, B and C in section III. In
the interest of presentation, however, we will not explicitly present expressions for these
quantities due to the size of expressions.
For our model the equations for the adiabatic and second order non-adiabatic current
averaged over nuclear velocities are given by (note the we neglect the first order current as
it is linear in nuclear velocities and will vanish)
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FIG. 1. Adiabatic and non-adiabatic differential conductance G = dJ/dV as a function of the
applied voltage computed for different values of electron-electron repulsion U . The values of the
conductance is given in terms of G0 = e
2/h. Parameters used in calculations: ΓL = ΓR = 0.05 eV,
〈x˙2〉 = 0.01 a.u., ǫ = 0 eV, and Λ = Φ = 0.1 a.u.
〈J(t)〉 =
∫
dω〈T (ω)〉
(
fL − fR
)
, (129)
where we define the averaged transmission coefficient T (ω) as
〈T (ω)〉 = −2s
ΓLΓR
πΓ
Im
{
GR + 〈G˜R(2)〉 −
1
2i
〈∂TωG˜
R
(1)〉 −
1
8
〈∂2TωG
R〉
}
. (130)
Here have used and will continue to use bracket notation (the symbols ’〈’ and ’〉’) to denote
velocity averaged quantities (notice that quantities that are not functions of nuclear velocity
are not subject to this notation). In (130) we see the presence of the factor 2s to represent
the spin degeneracy.
The quantity T (ω) will serve as the main object of study for this section where, in
the interest of presentation, we leave the expression for T (ω) as (130) (representing T (ω)
explicitly results in large expressions that are cumbersome and provides little insight). Note
that the transmission coefficient is still dependent on all orders of the lesser Green’s functions
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FIG. 2. Adiabatic and non-adiabatic differential conductance G = dJ/dV as a function of the
applied voltage computed for different values of Λ. The values of the conductance is given in terms
of G0 = e
2/h. Parameters used in calculations: ΓL = ΓR = 0.05 eV, 〈x˙
2〉 = 4 × 10−4 a.u., ǫ = 0
eV, Φ = 0.1 a.u. and U = 0.1 eV.
as the retarded components themselves have dependencies on electronic occupation numbers.
Let us now use (130) to explicitly calculate the differential conductance dJ/dV with
non-adiabatic contributions for different model parameters. Figure 1 plots these contribu-
tions for different electron-electron repulsion strengths U = 0, 1 and 2 eV. For all values of
electron-electron interaction we see the non-adiabatic corrections are mostly pronounced in
the resonant transport regime with the conductance decreasing with increasing U . In the
case of U = 0 (corresponding to the absence of electron-electron interaction) the nuclear
motion plays destructive role at resonance but slightly increases conductance in the off-
resonance regimes, a result that agrees with calculation in our previous work.66,67 Contrary
to the non-interacting case, non-adiabatic effects contribute constructively at resonance in
the presence of electron-electron interactions in the system. Finally, we observe that the
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conduction profile width becomes wider with increasing values of U .
Figure 2 considers the differential conductance profile for a specific correlation strength
of U = 0.1 eV, but instead varies the parameter Λ for values Λ = 0, 0.1 and 0.2 a.u. We
see that the non-adiabatic effects for Λ = 0.1 a.u. manifest to increase the conductance at
and near the resonant situation with regions of destructive and constructive contributions
as we move to higher voltages. Selecting Λ = 0.2 a.u. accentuates the peaks and produces
destructive contribution to the molecular conductivity at resonance.
IV. CONCLUSIONS
In this paper, we have developed a quantum transport theory for interacting electrons
which takes into account non-adiabatic effects of nuclear motion. Our approach was based
on non-equilibrium Green’s functions and the use of Wigner representation to solve the
Kadanoff-Baym equations. Slow nuclear motion implies that Green’s functions vary slowly
with the central time and oscillate fast with the relative time, with the same argument being
applied to the correlation self-energy as well. The time derivatives with respect to central
time are used as a small parameter and systematic perturbative expansion is developed to
solve the Kadanoff-Baym equations of motion for the Green’s functions in the Wigner space.
We produced analytic expressions for non-adiabatic electronic Green’s functions which de-
pend not solely on instantaneous molecular geometry but likewise on nuclear velocities and
accelerations. The general expression for the electric current in terms of Green’s functions
and self-energies was converted to the Wigner space maintaining terms up to the second or-
der in the central time derivatives. As a result, we obtained the formula for electric current
through correlated central region with non-adiabatic corrections for time-varying geometry.
Our method allows the systematic treatment of electron-electron interactions and simulta-
neously includes dynamical effects of nuclear motion. This theory is concisely illustrated
by the calculations of electron transport through the molecular junction described by the
Anderson model with dynamically changing single-particle energy level.
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Appendix A: Retarded/Advanced Greens Function Components
Below is the expression for G˜
R/A
(2) which takes the form
G˜
R/A
(2) = G
R/AΣ˜
R/A
tot(1)G˜
R/A
(1) +G
R/AΣ˜
R/A
tot(2)G
R/A +
1
2i
GR/A
(
A
R/A
(1) G
R/AB
R/A
(1) G
R/A
− B
R/A
(2) G
R/AA
R/A
(0) G
R/A
)
−
1
4
GR/A
[
CR/AGR/A
(
A
R/A
(0) G
R/A
)2
+ ∂TωΣ˜
R/A
tot(0)G
R/A
×
[
B
R/A
(1) G
R/A,A
R/A
(0) G
R/A
]
+
+ ∂2ωΣ˜
R/A
tot(0)G
R/A
(
B
R/A
(1) G
R/A
)2]
−
1
8
GR/A
×
[
CR/AGR/A∂2ωΣ˜
R/A
tot(0)G
R/A − 2
(
∂TωΣ˜
R/A
tot(0)G
R/A
)2
+ ∂2ωΣ˜
R/A
tot(0)G
R/A∂2T Σ˜
R/A
T (0)G
R/A
]
+
1
2i
GR/A
[
A
R/A
(0) G
R/A,B
R/A
(1) G
R/A
]
−
Σ˜
R/A
tot(1)G
R/A +
1
2i
GR/AB
R/A
(1) G
R/A∂ωΣ˜
R/A
tot(1)G
R/A
+
1
2i
GR/AA(0)G
R/A∂T Σ˜
R/A
tot(1)G
R/A −
1
2i
GR/AB
R/A
(1) G
R/AΣ˜
R/A
tot(1)G
R/AA
R/A
(0) G
R/A
+
1
2i
GR/AA(0)G
R/AΣ˜
R/A
tot(1)G
R/AB
R/A
(1) G
R/A −
1
4
GR/A
[
A
R/A
(0) G
R/A,B
R/A
(1) G
R/A
]
−
×
[
A
R/A
(0) G
R/A,B
R/A
(1) G
R/A
]
−
+
1
2i
B
R/A
(1) G
R/A
[
B
R/A
(1) G
R/A, ∂2ωΣ˜
R/A
tot(0)G
R/A
]
−
+
1
2i
A
R/A
(0)
×GR/A
[
B
R/A
(1) G
R/A, ∂TωΣ˜
R/A
tot(0)G
R/A
]
−
+
1
2i
B
R/A
(1) G
R/A
[
B
R/A
(1) G
R/A,
(
A
R/A
(0) G
R/A
)2]
−
+
1
2i
A
R/A
(0) G
R/A
[
A
R/A
(0) G
R/AB
R/A
(1) G
R/A,B
R/A
(1) G
R/A
]
−
+
1
2i
B
R/A
(1) G
R/A
×
[
A
R/A
(0) G
R/A, ∂TωΣ˜
R/A
tot(0)G
R/A
]
−
+
1
2i
A
R/A
(0) G
R/A
[
A
R/A
(0) G
R/A, CR/AGR/A
]
−
+
1
2i
B
R/A
(1) G
R/A
[
B
R/A
(1) G
R/AA
R/A
(0) G
R/A,A
R/A
(0) G
R/A
]
−
+
1
2i
A
R/A
(0) G
R/A
×
[
A
R/A
(0) G
R/A,
(
B
R/A
(1) G
R/A
)2]
−
. (A1)
where, in the expression above, we have chosen to keep expressions for G˜
R/A
(1) as an input.
Appendix B: Computing Green’s Function Derivatives
1. Computing GRDˆRa G
< Term
We now calculate the quantity GRDˆRaG
<. We know that GRDˆRa G
< has the explicit form
GRDˆRaG
< = −
1
8
GR
(
CR∂2ω − 2∂TωΣ˜
R
tot(0)∂Tω + ∂
2
ωΣ˜
R
tot(0)∂
2
T
)
G< (B1)
which becomes
GRDˆRa G
< = −
1
8
GR
(
CR∂2ωG
< − 2∂TωΣ˜
R
tot(0)∂TωG
< + ∂2ωΣ˜
R
tot(0)∂
2
TG
<
)
. (B2)
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We take note that
∂2ωG
< = 2
(
GRAR(0)
)2
G< + 2G<
(
AA(0)G
A
)2
− 2GRAR(0)G
R∂ωΣ˜
<
tot(0)G
A
+ 2GRAR(0)G
<AA(0)G
A − 2GR∂ωΣ˜
<
tot(0)G
AAA(0)G
A +GR∂2ωΣ˜
R
tot(0)G
< +GR∂2ωΣ˜
<
tot(0)G
A
+G<∂2ωΣ˜
A
tot(0)G
A, (B3)
∂TωG
< = −GR
[
BR(1)G
R,AR(0)G
R
]
+
Σ˜<tot(0)G
A −GRAR(0)G
<BA(1)G
A −GRBR(1)G
<AA(0)G
A
−G<
[
BA(1)G
A,AA(0)G
A
]
+
−GRAR(0)G
R∂T Σ˜
<
tot(0)G
A −GR∂T Σ˜
<
tot(0)G
AAA(0)G
A
+GRBR(1)G
R∂ωΣ˜
<
tot(0)G
A +GR∂ωΣ˜
<
tot(0)G
ABA(1)G
A +G<∂TωΣ˜
A
tot(0)G
A +GR∂TωΣ˜
R
tot(0)G
<
+GR∂TωΣ˜
<
tot(0)G
A (B4)
and
∂2TG
< = 2
(
GRBR(1)
)2
G< + 2G<
(
BA(1)G
A
)2
+ 2GRBR(1)G
R∂T Σ˜
<
tot(0)G
A
+ 2GRBR(1)G
<BA(1)G
A + 2GR∂T Σ˜
<
tot(0)G
ABA(1)G
A +GRCAG< +GR∂2T Σ˜
<
tot(0)G
A
+G<CRGA. (B5)
Substituting in the above expressions we conclude that
GRDˆRaG
< = −
1
8
GRCR
[
2
(
GRAR(0)
)2
G< + 2G<
(
AA(0)G
A
)2
− 2GRAR(0)G
R∂ωΣ˜
<
tot(0)
×GA + 2GRAR(0)G
<AA(0)G
A − 2GR∂ωΣ˜
<
tot(0)G
AAA(0)G
A +GR∂2ωΣ˜
R
tot(0)G
< +GR∂2ωΣ˜
<
tot(0)
×GA +G<∂2ωΣ˜
A
tot(0)G
A
]
+
1
4
GR∂TωΣ˜
R
tot(0)
(
−GR
[
BRαG
R,AR(0)G
R
]
+
Σ˜<tot(0)G
A
−GRAR(0)G
<BA(1)G
A −GRBR(1)G
<AA(0)G
A −G<
[
BA(1)G
A,AA(0)G
A
]
+
−GRAR(0)G
R∂T Σ˜
<
tot(0)G
A −GR∂T Σ˜
<
tot(0)G
AAA(0)G
A +GRBR(1)G
R∂ωΣ˜
<
tot(0)G
A
+GR∂ωΣ˜
<
tot(0)G
ABA(1)G
A +G<∂TωΣ˜
A
tot(0)G
A +GR∂TωΣ˜
R
tot(0)G
< +GR∂TωΣ˜
<
tot(0)G
A
)
−
1
8
GR∂2ωΣ˜
R
tot(0)
[
2
(
GRBR(1)
)2
G< + 2G<
(
BA(1)G
A
)2
+ 2GRBR(1)G
R∂T Σ˜
<
tot(0)G
A
+ 2GRBR(1)G
<BA(1)G
A + 2GR∂T Σ˜
<
tot(0)G
ABA(1)G
A +GRCAG< +GR∂2T Σ˜
<
tot(0)G
A
+G<CRGA
]
, (B6)
which concludes the derivation of GRDˆRa G
<.
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2. Computing GR/APˆ G˜
R/A
(1) Term
We compute GR/APˆ acting on G˜
R/A
(1) in the case of arbitrary matrix coefficients X and Y .
We know that GR/APˆ G˜
R/A
(1) has the explicit form
GR/APˆ G˜
R/A
(1) =
1
2i
GR/A
(
X∂ω + Y ∂T
)
G˜
R/A
(1) . (B7)
We know from a previous section that
G˜
R/A
(1) = G
R/AΣ˜
R/A
tot(1)G
R/A +
1
2i
GR/A
[
A
R/A
(0) G
R/A,B
R/A
(1) G
R/A
]
−
. (B8)
Thus, it is found that Pˆ G˜
R/A
(1) becomes
Pˆ G˜
R/A
(1) =
1
2i
GR/A
(
X∂ω + Y ∂T
)
GR/AΣ˜
R/A
tot(1)G
R/A
−
1
4
GR/A
(
X∂ω + Y ∂T
)
GR/A
[
A
R/A
(0) G
R/A,B
R/A
(1) G
R/A
]
−
. (B9)
We note that
GR/APˆ G˜
R/A
(1) =
1
2i
GR/A
(
Y GR/AB
R/A
(1) G
R/A −XGR/AA
R/A
(0) G
R/A
)
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R/A
tot(1)G
R/A
+
1
2i
GR/AXGR/A∂ωΣ˜
R/A
tot(1)G
R/A +
1
2i
GR/AY GR/A∂T Σ˜
R/A
tot(1)G
R/A
−
1
2i
GR/AXGR/AΣ˜
R/A
tot(1)G
R/AA
R/A
(0) G
R/A +
1
2i
GR/AY GR/AΣ˜
R/A
tot(1)G
R/AB
R/A
(1) G
R/A
−
1
4
GR/A
(
Y GR/AB
R/A
(1) G
R/A −XGR/AA
R/A
(0) G
R/A
)[
A
R/A
(0) G
R/A,B
R/A
(1) G
R/A
]
−
+
1
2i
GR/AXGR/A
[
B
R/A
(1) G
R/A, ∂2ωΣ˜
R/A
tot(0)G
R/A
]
−
+
1
2i
GR/AY GR/A
×
[
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R/A
(1) G
R/A, ∂TωΣ˜
R/A
tot(0)G
R/A
]
−
+
1
2i
GR/AXGR/A
[
B
R/A
(1) G
R/A,
(
A
R/A
(0) G
R/A
)2]
−
+
1
2i
GR/AY GR/A
[
A
R/A
(0) G
R/AB
R/A
(1) G
R/A,B
R/A
(1) G
R/A
]
−
+
1
2i
GR/AXGR/A
×
[
A
R/A
(0) G
R/A, ∂TωΣ˜
R/A
tot(0)G
R/A
]
−
+
1
2i
GR/AY GR/A
[
A
R/A
(0) G
R/A, CR/AGR/A
]
−
+
1
2i
GR/AXGR/A
[
B
R/A
(1) G
R/AA
R/A
(0) G
R/A,A
R/A
(0) G
R/A
]
−
+
1
2i
GR/AY GR/A
×
[
A
R/A
(0) G
R/A,
(
B
R/A
(1) G
R/A
)2]
−
, (B10)
which concludes the derivation of Pˆ G˜
R/A
(1) . The above expression is altered for the rele-
vant matrix quantities to get Pˆ
R/A
a(1) G˜
R/A
(1) and Pˆ
<
b(1)G˜
A
(1) required for the solution of the re-
tarded/advanced equations of motion and the lesser equations of motion respectively. When
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considering Pˆ
R/A
a(1) G˜
R/A
(1) in section IID 1, one chooses X = B
R/A
(1) and Y = A
R/A
(0) in (B10)
where this choice of X and Y allows one use commutator notation to simplify the ex-
pressions. When considering Pˆ<a(2)G˜
A
(1) then it follows that one chooses X = ∂T Σ˜
<
tot(0) and
Y = −∂ωΣ˜
<
tot(0) in (B10) and select the appropriate retarded and advanced components.
Note that Appendix A3 makes use of this derivation as well (clearly labeled) where one
selects X = B
R/A
(1) G
RΣ˜<tot(0) and Y = A
R/A
(0) G
RΣ˜<tot(0).
3. Computing GRPˆRa(1)G˜
<
(1) Term
We compute GRPˆRa acting on G˜
<
(1). We know that G
RPˆRa G˜
<
(1) has the explicit form
GRPˆRa(1)G˜
<
(1) =
1
2i
GR
(
BR(1)∂ω +A
R
(0)∂T
)
G˜<(1). (B11)
From a previous calculation it is known that
G˜<(1) = G
RΣ˜Rtot(1)G
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1
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A +AR(0)G
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tot(0)G
A
)
−
1
2i
GR
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∂ωΣ˜
<
tot(0)G
ABA(1)G
A + ∂T Σ˜
<
tot(0)G
AAA(0)G
A
)
. (B12)
We break the expression into four components such that
A1 = G
RΣ˜Rtot(1)G
< +GRΣ˜<tot(0)G˜
A
(1) +G
RΣ˜<tot(1)G
A, (B13)
A2 =
1
2i
GR
(
AR(0)G
RBR(1)G
< +AR(0)G
<BA(1)G
A − BR(1)G
RAR(0)G
< − BR(1)G
<AA(0)G
A
)
, (B14)
A3 =
1
2i
GR
(
BR(1)G
R∂ωΣ˜
<
tot(0)G
A +AR(0)G
R∂T Σ˜
<
tot(0)G
A
)
(B15)
and
A4 = −
1
2i
GR
(
∂ωΣ˜
<
tot(0)G
ABA(1)G
A + ∂T Σ˜
<
tot(0)G
AAA(0)G
A
)
, (B16)
where it obviously follows that
G˜<(1) = A1 + A2 + A3 + A4. (B17)
Computing the quantity GRPˆRa G˜
<
(1) is then represented as
GRPˆRa(1)G˜
<
(1) = G
RPˆRa(1)A1 +G
RPˆRa(1)A2 +G
RPˆRa(1)A3 +G
RPˆRa(1)A4. (B18)
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Presenting GRPˆRa(1)G˜
<
(1) explicitly leads to very large expressions that are difficult to interpret
and check. To improve presentation we will present expressions for the components defined
above. Through a long process one can show that
GRPˆRa(1)A1 =
1
2i
GR
[
AR(0)G
R,BR(1)G
R
]
−
Σ˜Rtot(1)G
< +
1
2i
GR
[
AR(0)G
R,BR(1)G
R
]
−
Σ˜<tot(0)G˜
A
(1)
+
1
2i
G˜R
[
AR(0)G
R,BR(1)G
R
]
−
Σ˜<tot(1)G
A +
1
2i
GR
(
BR(1)G
R∂ωΣ˜
R
tot(1) +A
R
(0)G
R∂T Σ˜
R
tot(1)
)
×G< +
1
2i
GR
(
BR(1)G
R∂ωΣ˜
<
tot(0) +A
R
(0)G
R∂T Σ˜
<
tot(0)
)
G˜A(1) +
1
2i
GR
(
BR(1)G
R∂ωΣ˜
<
tot(1)
+AR(0)G
R∂T Σ˜
<
tot(1)
)
GA +
1
2i
GR
[
BR(1)G
RΣ˜Rtot(1)
(
−GRAR(0)G
< −G<AA(0)G
A
+GR∂ωΣ˜
<
tot(0)G
A
)
+AR(0)G
RΣ˜Rtot(1)
(
GRBR(1)G
< +G<BAα(1)G
A +GR∂T Σ˜
<
tot(0)G
A
)]
+
1
2i
GR
(
BR(1)G
RΣ˜<tot(0)∂ω +A
R
(0)G
RΣ˜<tot(0)∂T
)
G˜A(1)︸ ︷︷ ︸
Appendix B2
+
1
2i
GR
(
AR(0)G
RΣ˜<tot(1)G
ABA(1)
×GA − BR(1)G
RΣ˜<tot(1)G
AAR(0)G
A
)
, (B19)
GRPˆRa(1)A2 = −
1
4
GR
[
AR(0)G
R,BR(1)G
R
]
−
(
AR(0)G
RBR(1)G
< +AR(0)G
<BA(1)G
A
− BR(1)G
RAR(0)G
< − BR(1)G
<AA(0)G
A
)
+
1
4
GR
[(
BR(1)∂
2
ωΣ˜
R
tot(0) +A
R
(0)∂TωΣ˜
R
tot(0)
)(
GR
× BR(1)G
< +G<BAα(1)G
A
)
+
(
BR(1)∂TωΣ˜
R
tot(0) +A
R
(0)C
R
)(
GRAR(0)G
< +G<AA(0)
×GA
)]
−
1
4
GR
[(
AR(0)G
R
)2
,BR(1)G
R
]
−
BR(1)G
< +
1
4
GR
[
AR(0)G
R,BR(1)G
RBR(1)G
R
]
−
×AR(0)G
< −
1
4
GR
[
− BR(1)
(
GRAR(0)
)2
G< − BR(1)G
RAR(0)G
<AA(0)G
A + BR(1)G
R
×AR(0)G
R∂ωΣ˜
<
tot(0)G
A +
(
AR(0)G
R
)2
BR(1)G
< +AR(0)G
RAR(0)G
<BA(1)G
A +
(
AR(0)G
R
)2
× ∂T Σ˜
<
tot(0)G
A
]
BA(1)G
A +
1
4
GR
[
− BR(1)G
RBR(1)G
RAR(0)G
< − BR(1)G
RBR(1)G
<AA(0)
×GA + BR(1)G
RBR(1)G
R∂ωΣ˜
<
tot(0)G
A +AR(0)G
RBR(1)G
RBR(1)G
< +AR(0)G
RBR(1)G
<
× BA(1)G
A +AR(0)G
RBR(1)G
R∂T Σ˜
<
tot(0)G
A
]
AA(0)G
A −
1
4
GR
[
BR(1)G
RAR(0)G
R∂TωΣ˜
R
tot(0)
+
(
AR(0)G
R
)2
CR
]
G< −
1
4
GR
(
BR(1)G
RAR(0)G
<∂TωΣ˜
A
tot(0) +A
R
(0)G
RAR(0)G
<CAαβ(2)
)
GA
−
1
4
GR
(
BR(1)G
RBR(1)G
R∂2ωΣ˜
R
tot(0) +A
R
(0)G
RBR(1)G
R∂TωΣ˜
R
tot(0)
)
G< −
1
4
GR
(
BR(1)G
RBR(1)
G<∂2ωΣ˜
A
tot(0) +A
R
(0)G
RBR(1)G
<∂TωΣ˜
A
tot(0)
)
GA −
1
4
GR
(
AR(0)G
RAR(0)G
<BA(1)G
ABA(1)G
A
− BR(1)G
RAR(0)G
<BA(1)G
AAA(0)G
A
)
+
1
4
GR
[
AR(0)G
RBR(1)G
<AA(0)G
ABA(1)G
A − BR(1)G
R
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BR(1)G
<
(
AA(0)G
A
)2]
−
1
4
GR
[
BR(1)G
RAR(0)G
RBR(1)
(
−GRAR(0)G
< −G<AA(0)G
A
+GR∂ωΣ˜
<
tot(0)G
A
)
+AR(0)G
RAR(0)G
RBR(1)
(
GRBR(1)G
< +G<BA(1)G
A +GR∂T Σ˜
<
tot(0)
GA
)]
+
1
4
GR
[
BR(1)G
RBR(1)G
RAR(0)
(
−GRAR(0)G
< −G<AA(0)G
A +GR∂ωΣ˜
<
tot(0)G
A
)
+AR(0)G
RBR(1)G
RAR(0)
(
GRBR(1)G
< +G<BA(1)G
A +GR∂T Σ˜
<
tot(0)G
A
)]
, (B20)
GRPˆRa(1)A3 = −
1
4
GR
[
AR(0)G
R,BR(1)G
R
]
−
(
BR(1)G
R∂ωΣ˜
<
tot(0)G
A +AR(0)G
R∂T Σ˜
<
tot(0)G
A
)
−
1
4
GR
(
B(1)
RGR∂TωΣ˜
R
tot(0)G
R∂ωΣ˜
<
tot(0)G
A − BR(1)G
R∂2ωΣ˜
R
tot(0)G
R∂T Σ˜
<
tot(0)G
A
)
−
1
4
GR
×
(
AR(0)G
RCRGR∂ωΣ˜
<
tot(0)G
A −AR(0)G
R∂TωΣ˜
R
tot(0)G
R∂T Σ˜
<
tot(0)G
A
)
+
1
4
GR
[
BR(1)G
R
× BR(1)G
RAR(0)G
R∂ωΣ˜
<
tot(0)G
A + BR(1)
(
GRAR(0)
)2
GR∂T Σ˜
<
tot(0)G
A
]
−
1
4
GR
[
AR(0)G
RBR(1)
×GRBR(1)G
R∂ωΣ˜
<
tot(0)G
A +
(
AR(0)G
R
)2
BR(1)G
R∂T Σ˜
<
tot(0)G
A
]
−
1
4
GR
(
BR(1)G
RBR(1)
×GR∂2ωΣ˜
<
tot(0)G
A + BR(1)G
RAR(0)G
R∂TωΣ˜
<
tot(0)G
A
)
−
1
4
GR
[
AR(0)G
RBR(1)G
R∂TωΣ˜
<
T (0)
×GA +
(
AR(0)G
R
)2
∂2T Σ˜
<
tot(0)G
A
]
+
1
4
GR
(
BR(1)G
RBR(1)G
R∂ωΣ˜
<
tot(0)G
AAA(0)G
A
+ BR(1)G
RAR(0)G
R∂T Σ˜
<
tot(0)G
AAA(0)G
A
)
−
1
4
GR
[
AR(0)G
RBR(1)G
R∂ωΣ˜
<
tot(0)G
ABA(1)G
A
+
(
AR(0)G
R
)2
∂T Σ˜
<
tot(0)G
ABA(1)G
A
]
(B21)
and
GRPˆRa(1)A4 =
1
4
GR
[
AR(0)G
R,BR(1)G
R
]
−
(
∂ωΣ˜
<
tot(0)G
ABA(1)G
A + ∂T Σ˜
<
tot(0)G
AAA(0)G
A
)
+
1
4
GR
(
BR(1)G
R∂2ωΣ˜
<
tot(0)G
ABA(1)G
A + BR(1)G
R∂TωΣ˜
<
tot(0)G
AAA(0)G
A
)
+
1
4
GR
(
AR(0)
×GR∂TωΣ˜
<
tot(0)G
ABA(1)G
A +AR(0)G
R∂2T Σ˜
<
tot(0)G
AAA(0)G
A
)
−
1
4
GR
[
BR(1)G
R∂ωΣ˜
<
tot(0)
×GAAA(0)G
ABA(1)G
A + BR(1)G
R∂T Σ˜
<
tot(0)G
A
(
AA(0)G
A
)2]
+
1
4
GR
(
AR(0)G
R∂ωΣ˜
<
tot(0)G
A
× BA(1)G
ABA(1)G
A +AR(0)G
R∂T Σ˜
<
tot(0)G
ABA(1)G
AAA(0)G
A
)
+
1
4
GR
(
BR(1)G
R∂ωΣ˜
<
tot(0)
×GA∂TωΣ˜
A
tot(0)G
A − BR(1)G
R∂T Σ˜
<
tot(0)G
A∂2ωΣ˜
A
tot(0)G
A
)
+
1
4
GR
(
AR(0)G
R∂ωΣ˜
<
tot(0)G
A
× CAGA −AR(0)G
R∂T Σ˜
<
tot(0)G˜
A∂TωΣ˜
A
tot(0)G
A
)
−
1
4
GR
[
BR(1)G
R∂ωΣ˜
<
tot(0)G
ABA(1)G
A
×AA(0)G
A + BR(1)G
R∂T Σ˜
<
tot(0)G
A
(
AA(0)G
A
)2]
+
1
4
GR
[
AR(0)G
R∂ωΣ˜
<
tot(0)
(
GABA(1)
)2
×GA +AR(0)G
R∂T Σ˜
<
tot(0)G
AAA(0)G
ABA(1)G
A
]
. (B22)
31
It follows that one can re-assemble GRPˆRa(1)G˜
<
(1) through equation (B18).
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